Abstract. Since the 1960s, the question of whether or not a Lie algebra of type E 8 over a field of characteristic 5 has a quotient trace form has been open.
Let L be a Lie algebra over a field F and fix a representation ρ of L. The map (x, y) → tr(ρ(x)ρ(y)) (x, y ∈ L) defines a symmetric bilinear form on L that we denote by tr ρ . It is called a trace form on L. It is invariant under L, so its radical R is an ideal in L. It induces a nondegenerate symmetric bilinear form tr ρ on the Lie algebra L := L/R. Such a form is called a quotient trace form on L.
Given a particular Lie algebra over some field F , one can ask if it has a quotient trace form, i.e., if it can be obtained as L in the notation of the preceding paragraph. For Lie algebras of type E 8 over fields of characteristic 5, this question has been open since the 1960s, see e.g. [Bl 62, p. 554] , [BlZ, p. 543] , or [Se 67, p. 48] . We settle it here.
Theorem. Let L be a Lie algebra of type E 8 over a field of characteristic 5. Then there is no quotient trace form on L.
Interest in quotient trace forms arose because every Lie algebra with such a form over an algebraically closed field of characteristic = 2, 3 is a direct sum of abelian Lie algebras, simple Lie algebras "of classical type", 1 and certain algebras constructed in [Bl 65, §2] , see e.g. [Bl 65, Th. 5.1] .
Roughly speaking, we use lemmas due to Block to reduce to showing that the trace is zero for representations coming from algebraic groups of type E 8 . From this, it is easy to see that it suffices to consider only the Weyl modules, which are defined over Z. Leaning on the fact that a Lie algebra of type E 8 is simple over every field [St 61, 2 .6], we note that the trace form is zero because 5 divides 60, the Dynkin index of E 8 .
Algebraic groups of type E 8
We begin by recalling some material from [GN, §4] . 1.1. Let G be a split simple linear algebraic group over a field F , and write g for its Lie algebra. We fix a pinning for G and g, i.e., Z-forms G Z and g Z of G and g respectively. We write κ g for the unique symmetric bilinear form on g Z such that
2000 Mathematics Subject Classification. 17B50 (17B25, 17B45). 1 Classical in the sense of [Se 67, §II.3] . Roughly speaking, this means that the algebra contains a Cartan subalgebra and has 1-dimensional root spaces. In this sense, a Lie algebra of type E 8 is classical.
nκ g is the Killing form κ g for some natural number n and κ g is not divisible by any prime integer. Obviously κ g is invariant under G.
For example, for G = SL n , the Lie algebra sl n is the collection of n-by-n trace zero matrices and κ sl n is the usual trace bilinear form: κ sl n (x, y) = tr(xy). 1.2. Maintain the notation and assumptions of 1.1 and suppose further that all the roots of G have the same length and that G has distinct non-orthogonal simple roots α, β (i.e., is not of type A 1 ). The correspondence δ ↔ h δ identifies the set of simple roots with a basis for the Cartan subalgebra h of g, and the symmetric bilinear form on the root system given by the Cartan matrix with a Weyl-invariant symmetric bilinear form b on h. We claim that b is κ. Clearly, κ g equals cb for some (possibly rational) number c. As b(h α , h α ) = 2 and κ g (h α , h α ) = 4h, where h denotes the Coxeter number of the root system [SS, , hence κ g = 2h · b. Since b is indivisible (because b(h α , h β ) = −1) and h is positive, this proves the claim that b = κ g . Lemma 1.3. Let G and g be as in 1.1 and of type E 8 . The following are equivalent:
(1) The Killing form of g is not zero over F .
This claim is standard, see e.g. [SS, I.4.8] or [Se 57, §2] . We include the proof for the convenience of the reader.
Proof. Since the Lie algebra g of G is simple over every field, g is an irreducible representation of G. The equivalence of (1) and (2) follows.
To see that (1) is equivalent to (3), we consult 1.1. The Coxeter number of the root system E 8 is 30, so the Killing form on g (over F ) is 60κ ⊗ Z F . Because κ is indivisible, we deduce that the Killing form on g is zero if and only if 60 is zero in F .
For a representation ρ of G, we write tr ρ for the induced trace bilinear form on g, i.e., the form (1.4) tr ρ (x, y) := tr(dρ(x) dρ(y)) (x, y ∈ g). Proposition 1.5. Let G and g be as in 1.1 and of type E 8 . There is a representation ρ of G over F with tr ρ = 0 if and only if F has characteristic = 2, 3, 5.
Proof. The "if" direction is is done by the lemma, so we assume that F has characteristic 2, 3, or 5 and prove that tr ρ is zero for all ρ. If a representation (V, ρ) of G has composition series with quotients ρ 1 , ρ 2 , . . . , ρ r , then one may find a basis of V such that ρ(g) is a block-upper-triangular matrix with diagonal blocks ρ 1 (g), ρ 2 (g), . . . , ρ r (g) for all g ∈ G(K) for every extension K/F . Hence tr ρ = i tr ρi , and it suffices to prove that tr ρ is zero for all irreducible representations of G.
For a given dominant weight λ, the Weyl module V (λ) has composition series with irreducible quotient modules L(µ) with highest weight µ ≤ λ and such that L(λ) appears once [J, II.2.13, II.2.14]. By induction on λ, it suffices to prove that tr ρ is zero where ρ is a Weyl module V (λ) and λ varies over the dominant weights; we now fix such a ρ.
The Lie algebra g⊗K is simple for every extension K/F , hence g is an absolutely irreducible representation of G and Schur's Lemma implies that tr ρ equals c κ g for some c ∈ F . Fix non-orthogonal distinct simple roots α, β of G and corresponding elements h α , h β ∈ g Z . By 1.2, κ g (h α , h β ) is −1, hence c is determined by the equation tr ρ (h α , h β ) = −c. That is, to show that tr ρ is zero, it suffices to show that it vanishes on the pair (h α , h β ).
The representation ρ is obtained by scalar extension from a representation (V Z , ρ Z ) of G Z over Z. Then tr ρ (h α , h β ) is the image of the integer tr ρ Z (h α , h β ) in F . We compute:
Dynkin-see [D, p. 130] or [M, §7] -defined the index of the representation ρ Z to be the integer i such that this expression equals i κ g (h α , h β ). The index of ρ Z can be computed for any particular Weyl module (V (λ), ρ); for E 8 , the index i is divisible by 60 for every dominant weight λ-see e.g. [M, §16] -hence tr ρ (h α , h β ) is zero.
Proof of the main theorem
Lemma 2.1. For every representation ρ of every Lie algebra of type E 8 over every field of characteristic 5, the trace form tr ρ is zero.
Proof. Let L be a Lie algebra of type E 8 over a field F of characteristic 5. We may enlarge F and so suppose that it is algebraically closed. As in the proof of Prop. 1.5, it suffices to prove that tr ρ is zero for irreducible representations ρ. As L is simple, every irreducible representation ρ of L is restricted by [Bl 62, Th. 5.1], hence is the differential of a representation of the split algebraic group of type E 8 by [C] and [St 63 ]. The claim now follows by Prop. 1.5.
We now prove the theorem stated in the introduction. We may assume that the Lie algebra is defined over an algebraically closed field F . For sake of contradiction, suppose that there is a Lie algebra L over F with a representation ρ such that L (as defined in the introduction) is a Lie algebra of type E 8 . By [Bl 62, Lemma 2.1], we may assume that the radical R is contained in the center of L, hence by [Bl 65, Lemma 3.1(b) 
The composition ρf is a representation of L, and tr ρf (x, y) = tr ρ (f (x), f (y)) = tr ρ (πf (x), πf (y)) = tr ρ (x, y).
By assumption, the form tr ρ is nondegenerate, hence tr ρf is a nondegenerate trace form arising from the representation ρf of L. But this is impossible by Lemma 2.1, and the theorem is proved.
Recovery of Block's result on algebras of type P A
If the characteristic of a field F divides a natural number n, then the Lie algebra sl n of trace zero n-by-n matrices is not simple: its center Z is the set of scalar matrices and the quotient sl n /Z is simple [St 61, 2.6] . We say that a Lie algebra is of type P A if it is isomorphic to such a quotient.
Block proved in [Bl 65, §6] that algebras of type P A do not have a quotient trace form when char F = 2, 3. We now sketch how to modify the arguments from sections 1 and 2 to give a new proof of Block's result.
One replaces Prop. 1.5 as follows. Identify the center of SL n with the group scheme µ n . Every irreducible representation ρ : SL n → GL(V ) maps µ n to scalar matrices, i.e., restricts to a homomorphism ρ : µ n → G m , hence is x → x d for some integer d. for integers c 1 ≥ c 2 ≥ · · · ≥ c n [FH, p. 215] . By hypothesis, the characteristic of F divides both n and c i , hence char F divides also the Dynkin index of ρ [M, 11.4 ]. The remainder of the proof follows as for Prop. 1.5, with the hypothesis that n ≥ 3 being used to assure that 1.2 applies.
The arguments in §2 complete the proof of Block's result.
